Abstract: Candidate counterterms break E7 type U-duality symmetry of N ≥ 5 supergravity theories in four dimensions [1] . A proposal was made in [2] to restore it, assuming that a supersymmetric source of deformation with manifest duality and double set of vector fields are available. We show that the extra vectors, needed for the deformation, can not be auxiliary fields in an off-shell formulation N ≥ 5 supergravity, assuming that such a formulation exists. We list all relevant unitary conformal supermultiplets of SU (2, 2|N + n). We find that doubling of vectors consistent with linearized supersymmetry requires to change the number of scalars, violating the coset structure of the theory, and also to add a finite number of higher spin fields, which do not to admit consistent couplings to theories with spins ≤ 2. Thus, the proposed duality restoring deformation can not be implemented within the standard framework of extended supergravity. We argue therefore, that E7 type duality with supersymmetry, in the absence of anomalies, might protect N ≥ 5 supergravity from UV divergences, in particular, N = 5 supergravity at 4 loops in d=4.
Introduction
The 3-loop and 4-loop UV finiteness [3] of N = 8 supergravity in 4d [4] was explained in various ways, either using the absence of candidate counterterms in the light-cone formalism [5] or in a Lorentz covariant case, based on E 7(7) duality symmetry and supersymmetry in [6, 7] and in [1, 8] . These explanations were based on the expected structure of the Lorentz covariant candidate counterterms [9] and supergravity duality symmetry [4, 10] .
Most relevant to the current work is the observation that all known counterterms, candidates for UV divergences in N = 8 supergravity, would break the Noether-GaillardZumino E 7(7) deformed duality current conservation [1] . However, Bossard and Nicolai (BN) suggested in [2] that it is possible to fix the problem pointed out in [1] by deforming the classical twisted self-duality constraint in the presence of higher derivative terms in the action.
In the classical maximal supergravity theory with E 7(7) symmetry there are 28 independent Maxwell field strengths as a consequence of supersymmetric twisted self-duality constraint [4] . To identify a deformed constraint according to BN, one has to find a manifestly duality invariant higher derivative supersymmetric invariant which requires doubling of the Maxwell field strengths and their duals, i. e. two sets transforming in 28 and 28 of the R-symmetry group SU (8) in N = 8 supergravity. Examples of such deformation of the classical twisted self-duality constraint were given in [2] for some non-supersymmetric models. The proposal in [2] was further developed in [11] where covariant procedures for perturbative non-linear deformations of duality-invariant theories were established to all orders in the deformation parameter. The starting point requires the existence of some 'Source of Deformation' (SoD). Various examples of SoD's were given in [11] which resulted in building novel models with U (1) duality symmetry.
It was actually known long before the BN supergravity proposal [2] , that perturbative non-linear deformations of U (1) duality-invariant theories with global supersymmetry are available, see for example [12] where the review of nonlinear selfduality and supersymmetry is given, and many aspects of related problems were studied much earlier.
More recently a deformation proposal was presented in [13] for N ≥ 5 supergravity, using a symplectic formalism of [14] that was developed for studies of black hole attractors. A closed form of the bosonic deformed action, exact to all orders in deformation parameter was produced for an original choice of the SoD in [2] . The issue of a supersymmetrization of such a SoD remains unclear.
Using the first order formalism with manifest E7 duality symmetry an explanation of the UV finiteness at L=4, N = 5, discovered in [15] , was proposed in [16] . Assuming absence of duality-supersymmetry anomalies, it was argued in [16] that these symmetries might protect N ≥ 5 at higher loops. Here we will reach the same conclusion based on supersymmetry in the framework of the second order formalism, in particular with regard to UV finiteness at L=4, N = 5.
It was assumed in BN proposal in [2] that the supersymmetric version of the proposal for SoD is available, and that all other symmetries of the theory, local supersymmetry and general covariance are respected. The existence of the supersymmetric SoD in N = 8 supergravity was further investigated in [17] and it was concluded there that its existence with 56 independent vectors contradicts the N = 8 superspace construction [18] , and the relevant solutions of the superspace Bianchi identities. It was suggested in [17] that the existing N = 8 superspace has to be deformed to admit the SoD. The superspace deformation is very complicated and things remained inconclusive.
The supersymmetry issue was investigated in [19] at the linearized level, using the fact that the linearized N = 8 supergravity is based on the representations of SU (2, 2|8) superconformal algebra. More specifically it was shown long ago that the fields of N = 8 supergravity can be fitted into the CPT self-conjugate doubleton supermultiplet of SU (2, 2|8) [20] . Motivated by the work of [7] on the study of counterterms of maximal supergravity using this doubleton supermultiplet it was reformulated in terms of constrained superfields in [21] . The result of the investigation of [19] was that it is not possible to deform the maximal supergravity to restore E 7(7) duality, while maintaining both general covariance and N = 8 supersymmetry, as was proposed in [2] , if the required extra vector fields are assumed to be dynamical. Deformation of N = 8 supergravity with extra dynamical vector fields along the lines of BN proposal necessarily involves higher spins and multiple gravitons and hence requires one to go beyond the standard framework of supergravity.
More recently, a significant progress was achieved in understanding the absence of anomalies in one-loop amplitudes in N ≥ 5 supergravities [22] . The new analysis in [22] is based on a classification of all linearized chiral superfields in N ≥ 5 supergravities, in addition to constrained ones which were known for a long time [9] . It became possible to explain the UV finiteness of L = 3 = N − 2 in N = 5 theory [23] , using the soft scalar limits of amplitudes, as it was done for L ≤ 6 = N − 2 in N = 8 case in [7] , but not in the case of L = 4 = N − 1, N = 5 theory. This is analogous to the case L = 7 = N − 1 in N = 8 theory, where the soft scalar limit analysis was not conclusive. Here we will first revisit the work of [19] and extend and apply the analysis given there to all supergravities with N ≥ 5. The BN proposal required that 1) the number of vectors is doubled to make G duality manifest, but 2) scalars have to preserve the original G H coset space. As was shown for the N = 8 supergravity in [19] we find that the doubling of vectors requires the introduction of higher spins and multiple gravitons for all N ≥ 5 supergravities if the extra vector fields are dynamical. Furthermore we show that this doubling process necessarily introduces additional scalar fields which changes the coset G H . This means that the BN proposal with extra dynamical vector fields can not be made supersymmetric within the standard framework of supergravity with a single graviton.
This raises the question whether the BN proposal can be consistent with supersymmetry if the extra vector fields are not dynamical. In particular, one may ask whether one can use auxiliary vector fields in an off-shell formulation of N ≥ 5 supergravities to drive the deformation. The off-shell formulation of N ≥ 5 supergravities is not available. Nonetheless we will also show that the extra vector fields needed for the deformation can not be identified with some auxiliary fields in a possible off-shell formulation of N ≥ 5 supergravities.
The plan of the paper is the following. In Sec. 2 we review the BN proposal about the deformation of the supergravity action based on a SoD. In Sec. 3, before analyzing the case with the doubling of physical vectors in SoD, we address the following issue. Is it possible to implement the BN proposal in an off-shell formulation of N ≥ 5 supergravity. To date no known off-shell formulation of these supergravity theories is known. However, we will argue that in potential off-shell formulation of N ≥ 5 supergravity theories the extra vector fields needed for the deformation can not be identified with some of the auxiliary fields. In Sec. 4 we explain how using the unitary representations of the conformal superalgebras SU (2, 2|N + n) we can list all possible supermultiplets which have a chance to support the BN proposal. We therefore will list all possibilities to double the number of physical vectors such that the linearized approximation preserves the SU (2, 2|N ) superconformal symmetry. For N = 8 it was done in [19] but here we will pay attention to the number of scalars in supersymmetric theories with a double number of vectors and extend the analysis to the case of N = 6, 5. In all cases we will have two options. In the first case, in Sec. 5 we do not enlarge the R-symmetry group and try to find all possible supermultiplets which will allow us to double the vectors within SU (2, 2|N ) for the N -extended supergravity. In the second case in Sec. 6 we enlarge the R-symmetry group, corresponding to increase in the number of Q, S supersymmetries, and study multiplets of SU (2, 2|N + n) superalgebra with a consequent decomposition into SU (N ) × SU (n). We also present the corresponding supermultiplets as linearized superfields, in Sec. 7. In the Appendix we discuss the related issues for N = 2 supergravity with matter.
We conclude that in all cases, when doubling vectors, we either have to double the scalars in their required SU (N ) representation, or we have to add SU (N ) singlet scalars. These changes in the number of scalar fields are incompatible with duality symmetry since the coset space structure is not preserved. Also, we always get some fields in these supermultiplets with higher spins s > 2, which makes the coupling to gravity questionable [19] . Furthermore they contain multiple gravitons whose interacting theories have been shown to be inconsistent [24] . This makes the proposal of [2] to restore duality symmetry, broken by UV divergence, inconsistent with supersymmetry. In the absence of any other proposal to do it, we conclude that the UV finiteness in N = 5 supergravity at 4 loops may be explained by the fact that UV divergence breaks duality symmetry [1] , and the only presently known proposal [2] to restore duality symmetry in presence of UV divergence, consistent with supersymmetry, is not valid.
Source of Deformation Proposal
Here we explain why a doubling of vectors is required in the SoD according to BN proposal in N = 8, and we generalize it to the case of N ≥ 5. So we will need 56, 32, 20 instead of 28, 16, 10 physical vectors for N = 8, 6, 5 respectively. We will also explain here that SoD according to BN proposal has to depend on original scalars forming a coset space Using notation of [13, 14] we introduce a n 2v -dimensional real symplectic vector of field strengths F and a symplectic section V AB describing the scalars of the theory
F transforms in the 56, 32, 20 of the corresponding duality groups of type E7, namely, E 7(7) , SO * (12) and SU (1, 5) for N = 8, 6, 5 respectively [25] . The scalars of the theory are coordinates of the G H coset space where G is type E7 group and H is an isotropy group, SU (8), SU (6) × U (1), SU (5) × U (1) for N = 8, 6, 5 respectively and where the pair of indices A, B = 1, · · · , N are raised and lowered by complex conjugation. The period matrix is h Λ AB = N ΛΣ f Σ AB The graviphoton field strengths are given by the symplectic invariant,
Graviphotons are invariants of the global U-duality group and transform covariantly under compensating SU (N ) transformations. In classical N ≥ 5 supergravity, in the absence of fermions, there is a linear twisted self-duality constraint:
Here self-and anti-selfdual parts of
The constraint (2.3) results in the relation between G and F , so that only one of them is independent
This gives a correct amount of the physical degrees of freedom for vector fields , 28, 16, 10 and is one-half of the symplectic representation of the E7-type symmetry for E 7 (7) , SO * (12) and SU (1, 5) duality, respectively. When the candidate UV divergences are added to the classical action, bosonic linear twisted self-duality constraint (2.3) is deformed, following [2] . The new constraint can be given in an H-covariant form as proposed in [11] T
Here the source of deformation
depends on a doublet of vector fields F shown in eq. (2.1) where there is no relation between the upper and lower components of a doublet, F and G as given for example in the classical case in eq. (2.4). H covariance of the constraint in (2.5) means covariance in an isotropy group, SU (8), U (6), U (5) for N = 8, 6, 5 respectively.
The doubling of independent vectors versus physical ones is a cornerstone in the E 7(7) duality covariant form of the deformation in N = 8 theory proposed in [2] . In their notation a duality doublet F m consists of two sets of 28 Maxwell field strengths
In case of N = 8 this equation is manifestly E 7(7) invariant if the SoD is a duality invariant functional depending on a duality doublet (2.7) where the two sets of 28 vectors are independent. The vector part of SoD is
The proposal for the vector part of the deformed twisted self-duality constraint in notation of [2] is given by
Here for N = 8 supergravity G mn is a scalar dependent symmetric metric G mn ∈ E 7(7) ⊂ Sp(56, R). J m n is a 'complex structure' , Ω mn is a symplectic form andF µν = 1 2 √ −g ǫ µν ρσ F ρσ is dual to F . The classical twisted self-duality constraint, in the absence of deformation, is F m + J m nF n = 0, which is a relation expressing one of the 28 via the other, so that the theory has only one set of 28 vectors in agreement with unitarity. This is an analog of eq. (2.3) where the constraint is SU (8) covariant, E 7(7) invariant. To deform it according to (2.9) the SoD action I[F a , Fā] has to be differentiated over the set of 56 independent vectors. The proposal in [2] requires that the number of vectors is doubled but the number of scalars remains the same, in general, since the coset space G H is the same. However, in practice when the proof of consistency of the proposal is given order by order in deformation in Appendix of [2] , it is given only for vanishing scalars.
3
Off-shell N ≥ 5 supersymmetry?
It is generally believed that any off-shell formulation of N ≥ 5 supergravity, if it exists, requires an infinite number of auxiliary fields. Assuming that an off-shell formulation of N ≥ 5 supergravity exists one may then pose the question whether the second set of vector fields required by the BN proposal, which form a symplectic doublet, could be identified with some of the auxiliary vector fields. In that were the case, when counting physical degrees of freedom in on shell multiplets, we would not have to double the set of dynamical vector fields in agreement with supersymmetry. We will now present arguments against such a possibility, based on all known supersymmetry constructions. N = 8 supergravity can be truncated consistently to an N = 2 Maxwell-Einstein supergravity theory describing the coupling of 15 vector multiplets which is known as the quaternionic magical supergravity theory [26, 27] . The quaternionic magical supergravity has the same bosonic field content as the N = 6 supergravity but with a different fermionic spectrum. It has SO * (12) as its U-duality group under which 16 vector field strengths, including the graviphoton, and their magnetic duals transform in the 32 dimensional spinor representation. Therefore the BN analysis applied to the bosonic sector of N = 6 supergravity would yield identical results as the BN scheme applied to the purely bosonic sector of N = 2 quaternionic magical supergravity theory. We do not know the auxiliary fields of N = 6 supergravity. However the off-shell formulation of N = 2 supergravity and its couplings to vector multiplets are known.
If a supersymmetric deformation of maximal supergravity existed sourced by the auxiliary fields in an off-shell formulation , that preserves E7 duality, one can truncate it to the deformed quaternionic magical supergravity theory that preserves both N = 2 supersymmetry and SO * (12) duality symmetry. However off-shell formulation of N = 2 quaternionic magical supergravity can not have auxiliary vector fields transforming in the 15 + 1 dimensional representation of the isotropy group U (6) of its scalar manifold SO * (12)/U (6). This follows from the fact that the Weyl multiplet of N = 2 supersymmetry has auxiliary vector fields transforming in the adjoint representation 3 + 1 of the R-symmetry group U (2) and the N = 2 vector supermultiplets do not have any auxiliary vector fields and contain only auxiliary scalar fields 1 . The only other massless N = 2 supermultiplet that contains vector fields is the s = 3/2 gravitino multiplet. It has recently been shown that the s = 3/2 Rarita-Schwinger field can be coupled to vector fields consistently only as part of a graviton supermultiplet and that the N = 2 pure supergravity is unique [30] . These results show clearly that it is impossible to deform the maximal supergravity consistent with supersymmetry sourced by auxiliary vector fields along the lines of BN proposal.
In [31] the N = 2 supergravity was studied in the off-shell superconformal framework with all auxiliary fields present. Consistent with earlier results in [28, 29] the only auxiliary vector fields appear in the adjoint of the R-symmetry group U (2). Furthermore the authors of [31] show that the supersymmetry rules of a classical supersymmetric off-shell theory are inconsistent with the UV divergences and have to be deformed. Such a deformation of a superspace was never performed and it is not known if a consistent version of it is even possible. Therefore the analysis in [31] raises serious issues, independent of the BN proposal, about the compatibility of candidate counterterms in higher N supergravities with off-shell supersymmetry at the non-linear level.
We stress here that the possibility to build the symplectic multiplet from one half physical vectors and one half auxiliary vectors vanishing on shell, is not attractive since duality symmetry mixes them, and equations of motion get mixed with Bianchi identities. In fact an independent argument as to why the extra field strength G µν in (2.1), independent of F µν , required in BN SoD, can not be auxiliary, not propagating, can be given as follows. Once the (bosonic) deformation of N ≥ 5 supergravity is achieved, for example in the case studied in [13] and the relation between the F and G component of the symplectic doublet in (2.1) is established, one finds that
Here terms with · · · include higher order terms in gravitational coupling κ and in parameter of deformation λ, as one can see from eq. (3.9) in [13] . These terms are non-linear in fields. Thus in approximation that κ = λ = 0, G µν is proportional to F µν and if G µν would be an auxiliary field it would be impossible for it also to be proportional to a physical field, up to non-linear terms. This argument, by itself, appears to be sufficient to rule out an attempt to use auxiliary field for the G part of the doublet. In any case, here we have shown technically, using a consistent truncation to N = 2 Maxwell-Einstein supergravity, that there are no auxiliary vector fields with required transformation properties in these theories which can be used for the BN type deformation. Therefore we will study below all options to realize linear supersymmetry with the doubled number of dynamical vectors in the multiplets.
Source of Deformation and Supersymmetry
The BN proposal for maximal supergravity and its extensions to N = 6 and N = 5 supergravity with a source depending on vectors and scalars, as shown in eq. (2.6) was assumed to have a supersymmetric extension with N supersymmetries. The candidate counterterms for these supergravity theories were constructed starting with [9] using linearized superfields corresponding to physical states of the theory. In particular, such superfields depend on vector field strengths in 28, 16, 10 and 28, 16, 10 in SU (8), SU (6), SU (5) representations in N = 8, 6, 5 respectively.
In general, the classification of the massless unitary supermultiplets of extended Poincaré superalgebras is well known [32] , [33] . The minimum spin range for the massless unitary supermultiplets of N -extended Poincaré superalgebras is N 4 for even N and the maximum number of Poincare supersymmetry generators is 32. It was shown in [20] that the fields of maximal supergravity in d = 4 can be fitted into an ultra short CPT-self-conjugate unitary supermultiplet ( doubleton) of the conformal superalgebra SU (2, 2|8) with 64 supercharges. Even though the fields of N = 8 supergravity form a representation of the N = 8 conformal superalgebra interactions of the maximal supergravity break the conformal supersymmetry down to its Poincare subsuperalgebra. The corresponding supermultiplet can be written as a linear constrained superfield [21] . These superfields have been used in the analysis of counterterms in maximal supergravity [6, 7] . Since the superfields used in writing down linearized counterterms in N ≥ 5 supergravity correspond to conformal supermultiplets we will perform our analysis of conformal superalgebras SU (2, 2|N ) in four dimensions using the oscillator method [20, [34] [35] [36] . However, as different from the standard superfields that enter in the counterterms, we will be looking for different supermultiplets that can couple to and extend the maximal supergravity with the total number of vector fields doubled. We will also check if it is possible to find the suitable supermultiplets by embedding them into larger SU (2, 2|N + n) conformal superalgebras with the consequent consistent truncation to SU (2, 2|8), SU (2, 2|6) and SU (2, 2|5).
The standard supersymmetry multiplets of N ≥ 5 supergravity correspond to massless doubleton representations of conformal superalgebras SU (2, 2|N ) with highest spin 2. They are given in Table 1, Table 2, Table 3 for N = 8, 6, 5 respectively. All these standard multiplets have vectors and scalars of classical supergravity. Tables  1, Table 2, Table 3 for N = 8, 6, 5 respectively are in one-to-one correspondence with the linearized conformal superfields presented in [22] . The linearized candidate counterterms [9, 22] are constructed using these supermultiplets. Table 2 . The irreducible chiral doubleton supermultiplet of SU (2, 2|6) and its conjugate, with the highest spin 2 corresponding to the fields of N = 6 supergravity.
(1/2, 0) 3/210 1/2 ψ Table 3 . The irreducible chiral doubleton supermultiplet of SU (2, 2|5) and its conjugate corresponding to the N = 5 supergravity multiplet.
One way to double the set of vector fields is simply to take two sets of the graviton supermultiplets above. However, this is not satisfactory for the BN proposal since the numbers of scalars is doubled and one would have to couple the graviton supermultiplets to themselves which is known not to be possible. We need to study all possible supermultiplets in SU (2, 2|N ) with vectors in the same representations as in the classical case. To make sure that we check all options we proceed with the superoscillator construction.
5 All SU (2, 2|N ) supermultiplets with vectors in anti-symmetric tensor representations of SU(N ) for N = 5, 6, 8
The oscillator construction of the unitary supermultiplets of extended superconformal algebras in four dimensions were studied in [20, [34] [35] [36] . As has been proven recently the oscillator method yields all the unitary representations of the Lie superalgebras of the form SU (m, n|p + q) [37] . The superalgebra SU (2, 2|p + q) has a three graded decomposition with respect to its compact subsuperalgebra
Here L 0 represents the generators of SU (2|p) × SU (2|q) × U (1). The Lie superalgebra SU (2, 2|p + q) can be realized in terms of bilinear combinations of bosonic and fermionic annihilation and creation operators ξ A (ξ A = ξ A † ) and η M (η M = η M † ) which transform covariantly and contravariantly under the SU (2|p) and SU (2|q) subsuperalgebras of SU (2, 2|p + q)
3)
with α, β = 1, 2; x, y = 1, 2, .., p;α,β = 1, 2; i, j = 1, 2, .., q and
The generators of SU (2, 2|p + q) are given in terms of the above superoscillators as
and we refer to [20, [34] [35] [36] for details. Massless conformal supermultiplets are obtained by taking one set ( color) of super-oscillators which are referred to as doubleton supermultiplets. The unitary irreducible representations of SU (2, 2|p + q) algebra are constructed over the super Fock space of these oscillators. One chooses a set of states |Ω , 2 that are annihilated by the "lowering" operators L − and transform irreducibly under the grade zero subalgebra SU (2|p)⊕SU (2|q)⊕U (1). Then by repeated application of the raising operators L + one generates an infinite set of states that form the basis of a unitary irreducible representation of SU (2, 2|p + q):
Possible lowest weight vectors of massless conformal supermultiplets in d = 4 are either of the form
or the form
Here we use boxes with slashes for the super-Young-tableaux and P and Q are arbitrary integers. We should note that one obtains the same set of representations of SU (2, 2|N ) irrespective of the choice of p and q so long as p + q = N 3 . We find it convenient for our purpose to use the basis where p = 0 and q = N with α, β = 1, 2;α,β = 1, 2; i, j = 1, 2, ..,
Just looking at eq. (5.9) we deduce that that scalars must be U (N ) singlets. In (5.10) where for scalars we need an anti-symmetric set of N operators β i , which for all N form a singlet. This gives us a prediction that all supermultiplets for N ≥ 5 with required vectors, other than the graviton supermultiplets, have scalars that are singlets of SU (N ), according to the formulas (5.9) and (5.10). We confirm this prediction by constructing the corresponding supermultiplets explicitly.
Below we present detailed form of the supermultiplets for each N with vectors in antisymmetric tensor representation of SU (N ). N = 6 case is special in that the graviton supermultiplet has, in addition, a vector that is a singlet of SU (6) .
In N = 5 we have a vector in 10 and10 of SU (5), whereas the scalar is a singlet in SU (5). In Table 4 we give the supermultiplets whose lowest weight vectors are |1, 1 = |0 and , |1, · · ·
5
, respectively. In N = 6 we have a vector in 15 and15 of SU (6), whereas the scalar is a singlet in SU (6). In Table 5 we give the supermultiplets of SU (2, 2|6) whose lowest weight vectors are |1, 1 = |0 and , |1, · · ·
6
, respectively. In N = 8 we have vector field strengths and their duals in 28 and28 of SU (8), whereas the scalar is a singlet in SU (8). In Table 6 we give the supermultiplets of SU (2, 2|8) whose lowest weight vectors are |1, 1 = |0 and , |1, · · · 8 , respectively. Finally, in Table 7 we show the N = 6 multiplets with an SU (6) singlet vector, without scalars. Their lowest weight vectors are a α a β |0 and |1,
This is a special property of N = 6 supergravity where 16 vector field strengths transform in 15 of SU (6) plus a singlet. This is not given by the general formulas (5.9), (5.10). Note that in Tables 4 -7 the supermultiplets break the spin 2 barrier, s > 2, maximum spin is 4, and contain multiple gravitons. Therefore we see that, in addition to the fact that the scalars in these supermultiplets are not consistent with E7 type duality, they all contain higher spin fields and multiple gravitons which add further support to the arguments that the source of deformation with properties required by the proposal of [2] are not available.
6 SU (2, 2|N + n) supermultiplets containing vectors in anti-symmetric tensor representations of SU(N ) for N = 5, 6, 8
The minimal CPT self-conjugate unitary supermultiplet that contains two sets of vector fields transforming in the 28 of SU (8) is the doubleton supermultiplet of SU (2, 2|10) which we already discussed in [19] . Here we show it in Table 8 . We consider a decomposition of SU (10) under the SU (8)×SU (2) . In the last column of Table 8 we show this decomposition. We have here the double set of 28 vectors, we have (28, 2) and (28, 2) . Note, however, that the scalars here are also in (70, 2), i. e. twice the amount we need. This is not accidental, if one truncates this unitary supermultiplet of SU (2, 2|10) by throwing out all the SU (2) singlet states one gets two copies of the CPT self-conjugate supermultiplet of SU (2, 2|8). Therefore it is not valid for a source of deformation. The CPT self-conjugate unitary supermultiplet of SU (2, 2|8 + 2n) for n > 0 contains (2n)! n! pairs of vector field strength multiplets transforming in (28 + 28) of SU (8) subgroup. But also the number of scalars is increased, so all these models are not working. Table 8 . An example of the CPT-self-conjugate doubleton supermultiplet of SU (2, 2|10). i, j, k, .. = 1, 2, .., 10 are the SU (10) R-symmetry indices.
To proceed with a more general case and to incorporate into our analysis both N = 5 and N = 6 we would like to take into account the subtlety with N = 6 case, which we already discussed before. Namely, in all N ≥ 5 supergravities the vector field strength transform as an antisymmetric tensor F
In N = 6 case we also have singlets of the R-symmetry group. One way to get a doublet of vector fields is to increase the R-symmetry from SU (N ) to SU (N + 2) and choose supermultiplets in which the vector field strengths transform as
Under restriction to SU (N ) we then have SU (N + 2) ⊃ SU (N ) × SU (2) × U (1) and we get the following decomposition
In the case of N = 8 SU (2, 2|10) which we show in the Table 8 , we see that indeed, we have a doublet of required vectors. However, the scalars in 252 decompose as (56, 1) + (56, 1) + (70, 2) under SU (8) × SU (2) ! So we have a double amount of scalars compared to the required ones.
In general, to obtain the states corresponding to fields strengths F
, transforming in the (1, 0) representation of the Lorentz group, one needs specific supermultiplets. Its highest helicity state must either be (0, 5/2) in a singlet of SU (N + 2) or its lowest helicity state must be (1/2, 0) in a singlet of SU (N + 2). The first one leads to scalars transforming as an anti-symmetric tensor of rank 5 under SU (N + 2). Only for N = 5 the scalars in (5, 1) are in the right representation. However, in all cases above we have unwanted doublets of scalars. Thus, here again, we checked all possibilities of a supersymmetric doubling of vectors. We always see that it is impossible to keep the required scalars. Besides, all new supermultiplets involved have higher spins with s > 2 and all issues discussed in [19] for N = 8 persist for N = 5, 6, namely the presence of a finite number of states with higher spins s > 2 and presence of many fields with s = 2. No known interacting theories exist that describe the coupling of a finite number of higher spin fields to gravity. Furthermore the question of consistent coupling between a finite number of massless s = 2 fields has been investigated in [24] where the inconsistency of interacting multi-graviton theories was established. In addition as we have emphasized above possible sources of deformation introduce additional scalar fields beyond the original coset. Therefore we conclude that BN proposal is incompatible with linearized on-shell supersymmetry.
Superfields
We have discussed candidate supermultiplets including vector duality doublet so far. Superfield expression of such multiplets makes the structure more transparent, and therefore, we show such superfields corresponding to multiplets in Tables 4-6 and one originating from a larger supermultiplet in Table 8 . We are using the notation of [22, 23] . On-shell supermultiplets we have studied above can be simply expressed as chiral superfields. For N = 5, the supermultiplet in Table 4 is given simply by the superfield
For the supermultiplet of N = 6 in Table 5 , we find
For N = 8, we found two candidate supermultiplets: the first one corresponds to the scalar superfield:
Note that, for each component field, the Lorentz indices α, β, · · · , η are completely symmetrized, e.g. J αβγδǫθζη = J (αβγδǫθζη) . These scalar superfields in N ≥ 5 could be candidates for supermultiplets providing extra (dual) vector fields. As we see, however, each of the superfields contains scalar fields which are duality singlets, and also has fields with spin s ≥ 2. Therefore, we can not use such superfields to implement the deformation.
There is also another possibility to have vector doublet, which originates from a truncation of N = 10 multiplet for N = 8 case,
where a = 1, 2 is an extra SU(2) index. In this case, the vector is doubled, but also all other components are. This leads e.g. to two 70 for scalars, two gravitons, etc. and therefore, we cannot use this superfield for deformation either. One finds analogous results with N = 8 supermultiplet truncation to N = 6 and N = 7 supermultiplet truncation to N = 5.
Discussion
The complicated situation with UV divergences in perturbative N ≥ 5 supergravity 5 originates from the existence of the on-shell Lorentz covariant and supersymmetric candidate counterterms, see for example [8, 9, 22] . They are often presented as some integrals over the superspace, or sub-superspace based on Lorentz covariant superfields associated with supermultiplets shown in Table 1, Table 2, Table 3 for N = 8, 6, 5 respectively. Let us look, for example, at the 3-loop supersymmetric linearized R 4 counterterm in the form given in [38] . It has 51 different terms for the 4-point candidate UV divergence. One of them is a 2-vector-2-graviton 4-point candidate for an UV divergence
It depends on 28 and 28 of SU (8) vector field strengths and their conjugates and 70 scalars. The counterterm is manifestly supersymmetric at the linearized level [9] , all 51 terms are packaged in a superspace expression d 4 xd 16 θ[W ] 4 in a particular basis in superspace, where the superfield W (x, θ) represents the graviton supermultiplet in Table 1 . If the relevant UV infinity were to occur, it would mean that E 7(7) symmetry current conservation must be broken [1] . The BN proposal is to promote the counterterm to the status of the manifestly E 7(7) invariant SoD. For this purpose one should promote each of the 28 and 28 of SU (8) to a graviphoton T αβ AB andT AḂ αβ , which makes the expression in (8.1) a functional of the double set of 28 and 28 of SU (8) :
Note that the graviphoton
in SoD depends on both F Λβγ and G βγΛ which are independent of each other, as required by E7 invariance, this is why we have to deal with the doubling of vector fields. This is different from the expression in (8.1) for the candidate UV divergence, where G + = N F + and G − = N F − and it is SU (8) invariant and there is a supersymmetric extension of the expression in (8.1), as given explicitly at the linear level in [38] . Moreover, note that in the BN proposal the symplectic section, (h ΛAB , f Λ AB ) which is used to build the SoD according to eqs. (8.2), (8.4), does not change from the classical case, scalars must remain the same to preserve the classical coset structure.
To find out if the supersymmetric extension of the bosonic SoD is available for all N ≥ 5 theories, we have studied all supermultiplets with a double set of dynamical vector fields 6 as we need in the bosonic SoD in eq. (2.8). The results follow simply from the unitary representations of the conformal Lie superalgebra SU (2, 2|N ) . We presented all possible supermultiplets which could be used in supersymmetrization of the SoD given in (2.8). We proved that it is not possible to double the vectors without changing the basic underlying premises of the theory such as the number and representations of SU (N ) for the scalars, and to avoid higher spins, in all available supermultiplets of the corresponding superconformal algebra.
Our results suggest that simple E7 type duality symmetry in N ≥ 5 supergravity theories together with supersymmetry might protect N ≥ 5 supergravity from UV divergences assuming that they do not become anomalous at higher loops. This reasoning is supported by the established UV finiteness of N = 8 and N = 5 at 3 and 4 loops. Particularly important here is the case of N = 5 at 4 loops. Until the recent paper [16] , not a single explanation of N = 5 UV finiteness in 4 loops was proposed. Here, we find that the situation with candidate counterterms which break duality [1] is as follows. The proposal suggested in [2] to restore duality was based on the assumption that also supersymmetry is unbroken in the deformation process. Our study of this issue led us to the conclusion that BN deformation procedure can not be consistent with supersymmetry within the standard framework of supergravity theories. From this perspective the UV finiteness of N = 8 and N = 5 at 3 and 4 loops is a consequence of the fact that that both supersymmetry and duality are not anomalous. In such case, together, they predict UV finiteness of N ≥ 5 supergravity, as we argue here on the basis of the absence of a consistent deformation preserving duality and supersymmetry in presence of UV divergences. Thus our analysis, based on all known constructions in supergravity, suggests the following: unbroken duality and supersymmetry forbid UV divergences, and in case of N = 8 and N = 5 at 3 and 4 loops the computations in [3, 15] support our interpretation that both of these symmetries are respected in these perturbative computations.
The argument about absence of SoD which we gave here, based on unbroken dualitysupersymmetry, is valid at any loop order in N ≥ 5 supergravity. Whether these symme-tries continue to be respected in higher loops, i. e. whether N ≥ 5 supergravity theories remain fully duality invariant, supersymmetric and anomaly-free, remains to be seen.
The first UV divergence in [42] corresponds to the term (T mat µν ) 2 + · · · which we discussed above. It is duality invariant since the energy momentum tensor is duality invariant. The fact that in magical supergravities the second type of UV divergence vanishes might be a consequence of E7 type duality, but this requires a separate investigation, especially if it persists at higher loops. N = 2 theories have axial and conformal anomalies which are absent for N ≥ 5 supergravities [43] [44] [45] whose one-loop amplitudes are also anomaly-free [22] . This implies that the U-duality groups of type E7 of the magical N = 2 supergravity theories might be broken at the quantum level. Hence the argument that the finiteness of N = 6 supergravity may be understood as a consequence of exact SO * (12) U-duality symmetry at a given loop order can not be extended to the magical quaternionic N = 2 supergravity with the same bosonic content since the anomalies tend to break U-duality symmetry at the quantum level already at one loop level. This is suggested by the studies of N = 4 supergravity with and without matter at the one-loop level where there are anomalies, as shown in [46] , and at the four-loop level, where there are related UV divergences, as shown in [47] . More recent developments in N = 4 supergravity in [48] and in [49] suggest that the relation between anomalies and UV divergences in extended supergravities might be more interesting, and new insights can be expected.
